Introduction. A symplectic manifold (M, ω)
is a pair consisting of a 2n-dimensional differentiable manifold M together with a closed 2-form ω which is nondegenerate (i.e., ω n never vanishes). The form ω is called symplectic. By the Darboux theorem, in canonical coordinates, ω can be expressed as
Any symplectic manifold (M, ω) carries an almost complex structure J compatible with the symplectic form ω, which means that ω(X, Y ) = ω(JX, JY ) for any X, Y vector fields on M (see [22, 23] ). If (M, ω) has an integrable almost complex structure J compatible with the symplectic form ω such that the Riemannian metric g, given by g(X, Y ) = −ω(JX, Y ), is positive definite, then (M,ω,J) is said to be a Kähler manifold with Kähler metric g.
The problem of how compact symplectic manifolds differ topologically from Kähler manifolds led, during the last years, to the introduction of several geometric methods for constructing symplectic manifolds (see [5, 8, 15, 20, 21] ). The symplectic manifolds presented there do not admit a Kähler metric since they are not formal or do not satisfy hard Lefschetz theorem, or they fail both properties of compact Kähler manifolds.
The purpose of this paper is to show that the formality and the hard Lefschetz property of any compact symplectic manifold M are not sufficient conditions to imply the existence of a Kähler metric on M. We describe three families of compact symplectic solvmanifolds M 6 (c), P 6 (c) , and N 6 (c) of dimension 6, and a family of compact symplectic solvmanifolds N 8 (c) of dimension 8, each of which is formal and satisfies the hard Lefschetz property. Thus, they are cohomologically Kähler, their odd Betti numbers are even (see [19] ), and their even Betti numbers are nonzero. In [13] , there are given examples of 4-dimensional compact symplectic manifolds which are cohomologically Kähler but do not possess complex structures, so they admit no Kähler metrics. This is done by appealing to classification theorems of Kodaira and Yau that are specific to complex dimension 2.
In our case, we resort, in Section 3, to the properties of the fundamental group of a compact Kähler manifold given by Campana [7] On the other hand, in Section 4, we study the formality and the hard Lefschetz property for the symplectic submanifolds obtained by Auroux in [3] as an extension to higher-rank bundles of the symplectic submanifolds constructed by Donaldson in [11] . Let (M, ω) be a compact symplectic manifold of dimension 2n with [ω] ∈ H 2 (M) having a lift to an integral cohomology class, and let E be any Hermitian vector bundle over M of rank r . In [3] , Auroux proved the existence of some integer number k 0 such that for any k ≥ k 0 , there is a symplectic submanifold Z r M of dimension 2(n−r ) whose homology class realizes the Poincaré dual of
where c i (E) denotes the ith Chern class of the vector bundle E. For such manifolds the inclusion j : Z r M induces on cohomology:
As a consequence of this study, we get some examples of Auroux symplectic submanifolds (in particular, nonparallelizable manifolds) of dimension 6 which are formal and hard Lefschetz, but do not carry Kähler metrics. In [14] , the condition of formal manifold is weaken to s-formal manifold as follows.
where the spaces C i and N i satisfy the three following conditions:
The relation between the formality and the s-formality for a manifold is given in the following theorem.
Theorem 2.3 (see [14]). Let M be a connected and orientable compact differentiable manifold of dimension 2n or (2n − 1). Then M is formal if and only if it is
(n − 1)-formal.
Formal and hard Lefschetz symplectic manifolds with no Kähler metric.
In this section, we show the existence of compact symplectic manifolds of dimension greater than 4, which do not admit Kähler metrics even when they are formal and hard Lefschetz.
Example 3.1 (the manifolds M 6 (c) [9] ). Let G(c) be the connected completely solvable Lie group of dimension 5 consisting of matrices of the form 
Alternatively, the Lie group G(c) may be described as a semidirect product 
Therefore, the Betti numbers of M 6 (c) are Proof. To prove that M 6 (c) is 2-formal, we see that its minimal model must be a differential graded algebra (ᏹ,d), ᏹ is the free algebra of the form 
According to Definition 2.2, we get C 1 = a 1 ,a 2 and
Now, the formality of M 6 (c) follows from Theorem 2.3.
We define the symplectic form ω on M 6 (c) by
Then, the maps 
, and thus, it has rank 2. We will see that Γ cannot be the fundamental group of any compact Kähler manifold. The exact sequence
shows that Γ is solvable of class 2, that is, D 3 Γ = 0. Moreover, its rank is 6 by additivity (see [1] for details). Assume now that Γ = π 1 (X), where X is a compact Kähler manifold. According to Arapura-Nori's theorem (see [2, Theorem 3.3] ), there exists a chain of normal subgroups
such that Q is torsion, P /Q is nilpotent, and Γ /P is finite. The exact sequence (3.8) implies that Γ has no torsion, and so Q = 0. As Γ /P is torsion, thus finite, we have rank P = rank Γ = 6. Now, the finite inclusion P ⊂ Γ defines a finite cover p : Y → X that is also compact Kähler and it has fundamental group P . We show that P cannot be the fundamental group of any compact Kähler manifold. For this, we use Campana's result (see [7, Corollary 3.8 
, page 313]) that states that if G is the fundamental group of a Kähler manifold such that G is nilpotent and non-abelian, then G has rank greater than or equal to 9.
Since P is the fundamental group of the Kähler manifold Y , P is nilpotent, it has rank less than 9, and it has to be abelian. This is impossible since any pair of nonzero elements
e.g., [12, page 22] ). 
We use again Hattori's theorem [18] to compute the real cohomology of Sol(3)
(3.13)
In [13] , it is proved that M 4 (c) is cohomologically Kähler (in fact, it has the same minimal model as
and it does not carry complex structures, and so it carries no Kähler metrics. This is done by appealing to classification theorems of Kodaira and Yau that are specific to complex surfaces. Next, we consider other examples in dimensions 6 and 8 related also with Sol(3). Define the manifolds
and
These manifolds are formal since they are product of formal manifolds. From the definition of N 6 (c) and from (3.12), one can check that there are 1-forms α 1 , β 1 , γ 1 , α 2 , β 2 , and γ 2 on N 6 (c) such that 14) where i = 1, 2, and such that at each point of N 6 (c),
basis for the 1-forms on N 6 (c). We define the symplectic form ω 1 on N 6 (c) by
We use again (3.12) to show that there is a basis {α 1 ,β 1 ,γ 1 ,η 1 ,η 2 ,η 3 } for the 1-forms on P 6 (c) such that
Thus, the 2-form ω 2 , defined by
is a symplectic form on P 6 (c).
It is clear that N 8 (c) is a symplectic manifold since it is the product of symplectic manifolds. In fact, a symplectic form ω 3 on N 8 (c) is given by
where η is a symplectic form on the 2-torus T 2 .
One can check that the manifolds N 6 (c), P 6 (c), and N 8 (c) are cohomologically Kähler. Now, using an argument similar to the one given in Theorem 3.3, we get the following theorem. Theorem 4.1 (see [14] ). Let X and Y be compact manifolds and let f :
As a consequence of Theorem 4.1, we get the following corollary. 
In order to continue the analysis of the Auroux symplectic submanifolds we introduce the following definition. Definition 4.3. Let (M, ω) be a compact symplectic manifold of dimension 2n. We say that M is s-Lefschetz with s ≤ (n − 1) if
is an isomorphism for all i ≤ s. By extension, if we say that M is s-Lefschetz with s ≥ n, then we just mean that M is hard Lefschetz. 
Proof. From now on, we denote by L the complex line bundle over M whose first Chern class is c 1 Moreover, a similar argument to the one given in Theorem 3.3 proves that the submanifolds Z r do not admit Kähler metrics for r = 1, 2.
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